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Non-monotonic Casimir interaction: The role of amplifying dielectrics
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The normal and the lateral Casimir interactions between corrugated ideal metallic plates in the
presence of an amplifying or an absorptive dielectric slab has been studied by the path-integral
quantization technique. The effect of the amplifying slab, which is located between corrugated
conductors, is to increase the normal and lateral Casimir interactions, while the presence of the
absorptive slab diminishes the interactions. These effects are more pronounced if the thickness of
the slab increases, and also if the slab comes closer to one of the bounding conductors. When both
bounding ideal conductors are flat, the normal Casimir force is non-monotonic in the presence of
the amplifying slab and the system has a stable mechanical equilibrium state, while the force is
attractive and is weakened by intervening the absorptive dielectric slab in the cavity. By replacing
one of the flat conductors by a flat ideal permeable plate the force becomes non-monotonic and the
system has an unstable mechanical equilibrium state in the presence of either an amplifying or an
absorptive slab. When the left side plate is conductor and the right one is permeable, the force is
non-monotonic in the presence of a double-layer DA (dissipative-amplifying) dielectric slab with a
stable mechanical equilibrium state, while it is purely repulsive in the presence of a double-layer AD
(amplifying-dissipative) dielectric slab.
PACS numbers: 42.50.Lc, 03.70.+k, 42.50.-p
I. INTRODUCTION
An interesting macroscopic result of confinement of the
quantum electromagnetic (EM) field between two ideal
parallel flat conductors is the Casimir effect [1]. Com-
paring the energy of the system in the presence and in
the absence of bounding ideal metallic plates leads to a
finite attractive potential energy. The derivation of this
finite energy with respect to the distance between two
plates, H , is the Casimir force, FC. The Casimir force
per unit area, S, is then read as FCS = −
~cpi2
240H4 , where ~ is
the Planck constant multiplied by 12pi , and c is the speed
of light in the vacuum [2]. The magnitude of this force
is significant when H is less than a micron [3]. Therefore
the Casimir effect must be taken into account in design-
ing micro- and nano-devices [4–7].
In addition to the normal Casimir force, corrugated
conductors can experience lateral Casimir force due to
the translational symmetry breaking which has been ob-
served experimentally in 2002 [8]. The lateral Casimir
effect between two rough conductors with sinusoidal cor-
rugation has been studied theoretically in the context of
path-integral formalism [9–11]. This force is very sensi-
tive to the characteristics of the rough surfaces and also
sensitive to the medium in between them. For a system
composed of two rough ideal conductors immersed in the
quantum vacuum, at fixed mean separation distance be-
tween two conductors, H , with λ as the wavelength of
corrugations on both plates, the stable and unstable equi-
librium states for the position of the rough plates in the
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lateral direction occur when l = (n + 12 )λ and l = nλ,
respectively [10], whereas for the system composed of a
rough ideal conductor and an infinitely permeable corru-
gated plate, with the same H and λ, the stable and un-
stable equilibrium states for the position of the plates in
the lateral direction occur when l = nλ and l = (n+ 12 )λ,
respectively [12].
Moreover, the Casimir force also strongly depends on
l
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FIG. 1. (Color online) The schematic figure of a dielectric
slab with dielectric function ε and thickness b immersed in the
quantum vacuum and enclosed by two rough metallic plates.
The mean distance between two plates is H . The corrugation
amplitude and wavelength for both plates are a and λ, re-
spectively. The mean distance between the left metallic plate
and the left side of the dielectric slab is H1, while the mean
distance between the right metallic plate and the right side
of the dielectric slab is H2. The lateral mismatch between
metallic plates is l. The corrugations on the left and on the
right conductors are given by two height functions h1(x) and
h2(x), respectively. The regions labeled by 1 and 2 are filled
by the quantum vacuum while the dielectric slab is labeled by
m.
2the characteristics of the medium between the bound-
ing plates. In a series of papers, it has been shown that
the presence of absorptive dielectric medium between two
bounding conductors can weaken the normal and lateral
Casimir interactions [13–16]. The reason is that the ab-
sorptive dielectrics can dissipate the EM energy [17–19].
In the other hand, it has been shown that if the energy
is pumped into the medium artificially, for example by
lasers, the EM energy can be amplified in some regions
of frequency [20–24]. These kinds of media are called
amplifying media, where the EM energy can be ampli-
fied. Although the physical properties of these media are
different from those of dissipative dielectrics, the same
formal methods can be used to quantize the EM field
in the presence of amplifying dielectrics as of dissipative
dielectrics [20, 21, 24].
To study an amplifying medium, one can introduce
a susceptibility which must satisfy the Kramers-Kronig
relations. Similar to the dissipative (or absorptive) di-
electrics, the dielectric function of an amplifying medium,
that is εamp(ω), should have an imaginary part. But
for dissipative dielectrics, the imaginary part of the di-
electric function is positive, i.e. εI,disp(ω) > 0, whereas
for amplifying media, the imaginary part is negative, i.e.
εI,amp(ω) < 0 [21]. The same is true for the imaginary
parts of the permeability of the dissipative and ampli-
fying media [23]. One can quantize the EM field in the
presence of the amplifying medium by adding a noise
term into Maxwell equations [21, 24, 25], or using the
canonical approach [21]. For quantization of the EM
field in the presence of an amplifying medium, we use
the path-integral formalism [13]. It should be noted that
although the methods for field quantization which we use
here for the amplifying and dissipative systems are the
same, however the characteristics of these two kinds of
systems are completely different. For example, vacuum
fluctuations in the presence of dissipative and amplifying
media behave in different ways. Moreover, an amplifying
medium can be used to compensate the effect of dissipa-
tion [21].
In the present paper, we study and compare the normal
and the lateral Casimir interactions between two rough
ideal conductors in the presence of an intervening dissi-
pative or amplifying slab, or a double-layer with mixture
of them. This paper is organized as follows: In Sec. II
we generally introduce the path-integral formalism to ob-
tain the Casimir interaction energy for the system com-
posed of a dielectric slab between two ideal roughmetallic
plates. Section III is devoted to study the Casimir inter-
action in a system composed of either an absorptive or an
amplifying slab or a double-layer dielectric slab between
two flat bounding ideal plates. In Sec. IV we calculate
and compare the normal and the lateral Casimir inter-
actions due to the corrugation on the bounding plates
in the presence of either an absorptive or an amplifying
slab. Finally we wrap up the paper with a conclusion in
Sec. V.
II. FORMALISM
A. Quantization of the EM field
In this section we investigate the Casimir interaction
between two ideal corrugated conductive plates in the
presence of either a dissipative or an amplifying slab as
depicted in Fig.1. X = (x0,x) is the coordinate of a point
in four-dimensional time-space with the temporal coor-
dinate x0, and the spatial coordinates x = (x1, x2, x3),
x = (x1, x2). z component of X1, which is in the direc-
tion of x3, on the left conductor is z = −H1−b/2+h1(x),
while z component of X2 on the right conductor is
z = H2+ b/2+ h2(x), where h1(x) and h2(x) are the de-
formation fields on the left and on the right ideal plates,
respectively. The average distance between two conduc-
tors is H , the corrugation amplitude for both conductors
is a, the wave length of the corrugation in x1 direction
for both conductors is λ, l is the lateral shift between
surfaces in x1 direction, H1 is the mean distance of the
left side of the slab and the left conductor, H2 is the
mean distance of the right side of the slab and the right
conductor, and b is the thickness of the slab.
To study the Casimir interaction between two corru-
gated ideal metallic plates in the presence of an inter-
vening dissipative or amplifying slab (see Fig. 1), we first
use the path-integral method to quantize the EM field.
As we are only considering a uni-axial cavity, therefore
the EM field can be decomposed into the transverse mag-
netic (TM) and transverse electric (TE) waves which sat-
isfy Dirichlet (D) and Neumann (N) boundary conditions
(BCs), respectively on both plates [10, 11, 26]. The D BC
should be satisfied by TM waves, that is φ(Xa) = 0, on
both plates, while TE waves satisfy the N BC, that is
∂nφ(Xa) = 0, where a = 1, 2 determines the left and
right plates, respectively. Consequently, after decompos-
ing the EM field into TM and TE waves we quantize a
massless scalar Klein-Gordon field, φ, in the presence of
a dielectric slab between two conducting plates. To this
end, we use the same method as of Refs. [13–16]. The di-
electric medium can be a dissipative dielectric slab with
a positive imaginary part of its dielectric function, that
is εI,disp(ω) > 0, or it can be an amplifying slab with a
negative imaginary part of its dielectric function in some
frequency ranges, that is εI,amp(ω) < 0. The dielectric
medium can be a layered dielectrics with mixture of dis-
sipative and amplifying layers. Here, for the sake of sim-
plicity and brevity we just present the formalism for a
slab with only one dielectric layer, that can be either an
absorptive or an amplifying, in between the bounding
conductors. To extend the path-integral formalism to
study the Casimir effect in the presence of an absorptive
[13] or an amplifying medium [27], one must write the
Lagrangian of the system with appropriate terms that
leads to the correct equations of motion. To this end, we
consider the following Lagrangian density
L = Lsys + Lmat + Lint, (1)
3where Lsys =
1
2∂
αφ(X)∂αφ(X) is the Lagrangian den-
sity of Klein-Gordon field, the summation over α =
x0, x1, x2 and x3 is assumed, and as explained in the
above, X = (x0,x) is a coordinates of a point in four-
dimensional time-space. Lmat =
∞∫
0
dω sgn[εI(ω)](
1
2 Y˙
2
ω −
1
2ω
2Y 2ω ) is Lagrangian density of a matter field, where
the matter is modeled by a continuum oscillator’s field
Yω [28], εI(ω) is the imaginary part of the dielectric func-
tion, and Lint = φP˙ is the interaction Lagrangian den-
sity between matter and scalar fields. P =
∫
dων(ω)Yω is
the polarization of the medium, and ν(ω) is the coupling
function between the scalar and the matter fields [13].
Using the Lagrangian in Eq. (1), the conjugate of the
canonical momentum can be found. By employing the
equal time commutation relations, one can quantize the
field and obtain the Hamiltonian of the system, and show
that the scalar field φ satisfies the following equation
(∇2 − ε(ω)ω2)φ+(ω) = j+N (r, ω). (2)
The positive frequency part of the current density oper-
ator, j+N (r, ω), is
j+N (r, ω) = Θ[εI(ω)]
√
2ωε0|εI(ω)|
π
aˆN (r, ω)
+ Θ[−εI(ω)]
√
2ωε0|εI(ω)|
π
aˆ†N (r, ω), (3)
where Θ(. . .) is the Heaviside step function, aˆ is a bosonic
field with bosonic commutation relation, and aˆ† is the
complex transpose of aˆ. Then, the Hamiltonian can be
written as
H =
∫
dω
∫
d3r sin[εI(ω)]~ωaˆ
†
N (r, ω)aˆN (r, ω), (4)
where εI(ω) = 1+
∫
dω′ sgn[εI(ω
′)]|ν2(ω′)|
ω2−ω′2+ı0+ leads to ν
2(ω) =
sgn[εI(ω)]Im[εI(ω)]. The main difference between the
calculations for the amplifying medium and dissipative
one is the presence of Θ[εI(ω)] and sgn[εI(ω)] in the
above equations that have been discussed extensively in
[21, 22, 24, 25]. It should be mentioned that the Hamil-
tonian in Eq. (4) is consistent with the result of Ref. [24].
To quantize the field, we calculate the generating func-
tion for the interacting system [29]. The generating func-
tion is defined as
Z[Jφ, JP ] = Z
−1
0 e
ı
∫
dYLint[
δ
δJφ(Y )
, δ
δJω(Y )
]
Z0[Jφ, Jω]
= Z−10
∞∑
n=0
1
n!
[
ı
∫
dY
δ
δJφ(Y )
∂
∂y0
δ
δJP (Y )
]n
× Z0[Jφ, Jω], (5)
where Z0 =
∫
D[φ]exp
(
ı
∫
dXLsys
)
is the gen-
erating function for free space, Z0[Jφ, Jω] =∫
D[φ]
∏
ω
D[Yω ] exp
{
ı
∫
dX [Lsys + Lmat + Jφφ +∫
dωJω Yω]} is the generating function for noninteract-
ing part of the system, and Jω and Jφ are source fields
that are coupled to the free fields Yω and φ, respectively.
Then by integrating over φ and Ym the generating
function can be written as
Z[Jφ, JP ] = exp
{
ı
∫
dX
∫
dX ′
[
JφGφ,φ(X −X
′)Jφ
+JφGP,φ(X −X
′)JP + JPGP,P (X −X
′)JP
]}
, (6)
where the Fourier transformation of the Green’s function,
Gφ,φ, is
Gφ,φ(q0,q) =
[
q
2− q20
(
1+
∫
dq′0
sgn[εI(q
′
0)]ν
2(q′0)
q
′2
0 − q
2
0 + ı0
+
)]−1
,
(7)
and for the other Green’s functions can be calculated as
Gφ,P (q0,q) = ıq0
∫
dq′0
sgn[εI(q
′
0)]ν
2(q′0)
q
′2
0 − q
2
0 + ı0
+
Gφ,φ(q0,q),
GP,P (q0,q) =
[∫
dq′0
sgn[εI(q
′
0)]ν
2(q′0)
q
′2
0 − q
2
0 + ı0
+
]2
Gφ,φ(q0,q)
+
ν2(q0)
q0
+ q20 , (8)
where ~q = (q0,q), q = (q1, q2) and q0 is the tempo-
ral Fourier component. The above Green’s functions
are fully in agreement with those in Refs. [30, 31]. Us-
ing the definition χ(q0) =
∫
dq′0
sgn[εI(q
′
0)]ν
2(q′0)
q
′2
0 −q
2
0+ı0
+
, it can
be shown that Gφ,φ is the Green’s function of Eq. (2)
and together with using the residues theorem, one can
show that Imχ(q0) = πsgn[εI(q0)]ν
2(q0)/(2q0). Combin-
ing Imχ(q0) with the definitions of Gφ,P and GP,P , yields
P+ = ıq0χφ
+ + P+N , where ıq0P
+
N = j
+
N . Here, we have
assumed that the matter is homogeneous. As it has been
shown in Ref. [13], among the Green’s functions Gφ,φ,
Gφ,P and GP,P , only Gφ,φ has contribution to the par-
tition function and consequently to the Casimir interac-
tion. Therefore, hereafter we drop the subscript φ from
Gφ,φ. Moreover, for both amplifying and dissipative me-
dia, Gφ,φ is the Green’s function of Eq. (2), therefore,
the Casimir interaction between ideal conductors in the
presence of a dissipative or an amplifying slab (see Fig.1)
has the same mathematical form. The only difference is
in the sign of εI(ω).
TM and TE waves can be treated as two scalar fields
separately which satisfy the following differential equa-
tion
{
∇2 − q20 [1 + χ(q0,x)]
}
φ = 0. For TE modes, φ
and ∂zφ, and for TM waves, ε(q0)φ and ∂zφ should be
continuous on the left and also on the right surfaces of
the slab, and in addition, the Green’s function, G, must
satisfy the same BCs. Moreover, D and N BCs should
be satisfied by TM and TE waves on the surfaces of both
conductors, respectively.
B. Casimir interaction
To obtain the Casimir interaction, one should calculate
the partition function of the system from the generating
4function. To this end, Wick rotation, x0 → ıτ , on the
time axis must be applied. After applying the above
BCs on all fields, expressing D and N BCs in terms of
path-integral over the axillary fields [11, 13, 14], and in-
tegrating over all Gaussian fields, the partition function
can be cast into
lnZTM(TE) = −
1
2
ln
[
det ΓTM(TE)
]
, (9)
where ΓTM(TE) is a second rank matrix with rele-
vant elements of [ΓTE]αβ = ∂n∂
′
n′
G(x − y, zα(x), zβ(y)),
[ΓTM]αβ = G(x − y, zα(x), zβ(y)), where α, β = 1 and 2,
and z1(x) = −H1−
b
2+h1(x) and z2(x) = H2+
b
2+h2(x).
The Green’s functions in the Fourier space can be read
as
GTM(TE)
(
~q,−H1 −
b
2
, H2 +
b
2
)
=
GTM(TE)
(
~q,H2 +
b
2
,−H1 −
b
2
)
=
=
2εmQme
−Q1(H1+H2−b)
(εmQ1 +Qm)2
[
−(∆
TM(TE)
1m )
2 + e2Qmb
] ,
GTM(TE)
(
~q, (−1)j(Hj +
b
2
), (−1)j(Hj +
b
2
)
)
=
=
1
2Q1
−
∆
TM(TE)
1m (−1 + e
2Qmb)eQ1(b−2Hj)
2Q1
[
−(∆
TM(TE)
1m )
2 + e2Q2b
] , (10)
where j = 1, 2, ∆TM1m =
Qm−ε(ı˙q0)Q1
Qm+ε(ı˙q0)Q1
, ∆TE1m =
Qm−Q1
Qm+Q1
,
Qζ ≡ ı˙
√
εζ(ıq0)q20 + q
2
1 + q
2
2 with ζ = 1,m, 2 corresponds
to regions z < −b/2, |z| < b/2, and z > b/2, respectively.
The dielectric function of the slab is εm(ıq0) = ε(ıq0)
while for ζ = 1, 2, which corresponds to two vacuum
space regions between slab and rough plates, ε1(ıq0) =
ε2(ıq0) = 1. For a general case where the dielectric slab
has magnetic properties in addition to the electric ones,
the definition of ∆ must be adjusted accordingly. The
general form of ∆ is presented in AppendixC.
Then, after performing the perturbative expansion up-
to the second order with respect to the deformation fields,
h1(x) and h2(x), the partition function is written as
ln Zγ = ln Zγ,0 + ln Zγ,2, (11)
where the zeroth order of the partition function in the
presence of the flat bounding conductors is
ln Zγ,0 = −S
∫
d3~q
(2π)3
lnK0γ(~q), (12)
and the second order is
ln Zγ,2 =
∫
d3xd3y ×
×
{
−
1
2
K−γ (x− y)[h1(x)h2(y) + h2(x)h1(y)]
−
1
4
K+γ (x− y){[h1(x) − h1(y)]
2 + [h2(x)− h2(y)]
2}
}
,
(13)
where the subscript, γ = TM or TE, stands for Dirich-
let or Neumann BCs, respectively. It should be men-
tioned that the first order term of the logarithm of
the partition function vanishes because we assumed that∫
hi(x)d
3x = 0, where i = 1 and 2. The explicit forms
of K−γ and K
+
γ for the geometry depicted in Fig. 1 are
presented in AppendicesA and B, and the explicit forms
of K0γ for different geometries can be seen in Sec. III and
Appendices C and D. Using Eq. (11), one can obtain the
Casimir energy per unit area, S, as
E(H) = −
~c
SL
∑
γ
[
lnZγ(H)− lnZγ(H →∞)
]
, (14)
where L is the overall Euclidean length in the temporal
direction [10]. Then, Eq. (14) is employed to study the
Casimir interaction in different geometries in Secs.III and
IV.
III. FLAT BOUNDARIES
In this section, we study the normal Casimir interac-
tion between either two flat ideal conductors (ε→∞), or
between a flat ideal conductor and a flat ideal permeable
plate (µ→∞), in the presence of a flat dielectric or a flat
double-layer dielectric slab in between the ideal plates.
Subsection IIIA is devoted to investigate the Casimir
force between two ideal conductors in the presence of a
dissipative or an amplifying slab (see Fig. 2a), or in the
presence of a double-layer dielectric slab with one layer
of dissipative and one layer of amplifying dielectrics (see
Fig.2b), while in subsection III B we consider the Casimir
force between an ideal conductor and an ideal permeable
plate in the presence of either an absorptive or an ampli-
fying or a double-layer dielectric slab.
To this end, we model the susceptibility of the ampli-
fying slab by Lorentz model with gain and loss which
is one of the best choices to model the amplifying me-
dia [21, 24, 27]. Linear gain occurs when the medium is
pumped below the lasing threshold [32]. Therefore, we
consider the following model for an amplifying medium
εamp(ω) = 1 −
ω2p
ω20−ω
2−ıγω
, where ωp = 0.75ω0, γ =
10−3ω0 and ω0 = 10
3Hz [21]. It can be shown that for
amplifying media, the imaginary part of the dielectric
function is negative, i.e. εI,amp(ω) < 0. After applying
Wick rotation, ω → ıq0, the above dielectric function is
rewritten as
εamp(ıq0) = 1−
ω2p
ω20 + q
2
0 + γq0
. (15)
The dielectric function of the absorptive slab is also mod-
eled here by Lorentz-oscillator model that after applying
Wick rotation can be read as
εdisp(ıq0) = 1 +
ω2p
ω20 + q
2
0 + γq0
. (16)
5FIG. 2. (Color online) (a) Schematic picture of a dielectric
slab in between two bounding ideal conductors (ǫ→∞). The
distance between the left conductor from the left side of the
slab is H1, while the distance between the right conductor
from the right side of the slab is H2, and the slab thickness
is b. (b) Schematic picture of a double-layer dielectric slab in
between two bounding ideal conductors. The left dielectric
layer thickness is b, while the right dielectric layer thickness
is a. The regions labeled by 1 and 2 are filled by the quantum
vacuum.
A. Conductor-Conductor
To obtain the Casimir interaction between two flat con-
ductors we set the deformation fields for both conductors
to h1(x) = h2(x) = 0. Then the Casimir interaction en-
ergy per unit area for the system composed of a dielectric
slab in between two flat conductors, depicted in Fig. 2a
reads as
ECCm
S
= ~c
∫
d3~q
(2π)3
ln
[
1 +
BTMm
DTMm
]
+ [(TM)→ (TE)],(17)
where the index m = D, A stands for a dissipative or an
amplifying slab, respectively, and D
TM(TE)
m and B
TM(TE)
m
are functions of H1, H2, b, ε1, ε2, εm (permittivities
of different layers), µ1, µ2, µm (permeabilities of differ-
ent layers), ~q, and c. The explicit forms of D
TM(TE)
m
and B
TM(TE)
m are presented in Appendix C. According
to Eq. (12), the kernel at the zeroth order with respect
to the deformation fields, where h1(x) = h2(x) = 0, is
K0TM(TE) = 1 +
BTM(TE)m
D
TM(TE)
m
.
By using either path-integral formalism [13–15, 29] or
transfer matrix method [33–35] the Casimir interaction
energy per unit area for the system composed of a double-
layer dielectric slab in between two flat conductors, de-
picted in Fig. 2b can be written as
ECCmn
S
= ~c
∫
d3~q
(2π)3
ln
[
1 +
BTMmn
DTMmn
]
+ [(TM)→ (TE)],(18)
where the indices m,n = D and A stand for a dissipative
and an amplifying slab, respectively, and D
TM(TE)
mn and
B
TM(TE)
mn are functions of a and µn in addition to H1,
H2, b, ε1, ε2, εm, εn, µ1, µ2, µm, µn, ~q and c. The
explicit forms of D
TM(TE)
mn and B
TM(TE)
mn are written in
AppendixC.
To show the effect of the presence of the dielectric slab
in between two conductors on the Casimir interaction in
the system depicted in Fig.2a, the Casimir force per unit
area that the right conductor experiences at fixed H1 and
at fixed b can be obtained as
FCCm
S
= −
∂ECCm
∂H2
∣∣∣∣
H1,b
. (19)
Similar procedure is performed to calculate the Casimir
force on the right conductor in the presence of the double-
layer dielectrics (see Fig. 2b) as
FCCmn
S
= −
∂ECCmn
∂H2
∣∣∣∣
H1,a,b
. (20)
To compare the difference between FCCD , the Casimir
force in the presence of the dissipative slab, and FCCA ,
the Casimir force in the presence of an amplifying slab,
in Fig. 3a the force per unit area has been plotted as a
function of the distance between the bounding conduc-
tors, H = H1 +H2 + b, with H1 = H2, for two values of
the dissipative (black solid and black dashed curves) and
amplifying (red dashed-dotted and red dashed-dotted-
dotted curves) slab thicknesses b = 100, and 125nm. As
it is clear, the force in the presence of the dissipative
dielectric slab is attractive for the whole distance range
between the bounding conductors, while in the presence
of the amplifying slab, for small distances the force is re-
pulsive and as the distance increases the force decreases
and beyond a certain distance its sign changes and it be-
comes attractive. Therefore, there is an equilibrium dis-
tance, Hequil, where the value of the force is zero. This
equilibrium distance is a function of the amplifying slab
thickness, its dielectric function and the distance between
the bounding conductors, H . By increasing the thickness
of the amplifying slab, the location of the equilibrium
point is shifted to the larger distances. The inset shows
the log-log plot of −
FCCm
S as a function of H , which ap-
proximately reveals that when H2 > b/8 the force scales
as H−4. In Fig.3b, the Casimir force per unit area,
FCCmn
S ,
in the presence of a double-layer slab between two bound-
ing conductors depicted in Fig. 2b, has been plotted as a
function of H , with H1 = H2, for two values of the dis-
sipative and amplifying slabs thicknesses a, b = 40 and
50nm. Here, m,n = D and A indicate the dissipative and
amplifying dielectrics, respectively. This force is attrac-
tive when both layers are dissipative (DD). When one of
the layer is dissipative and the other is amplifying (DA),
at small distances the force is repulsive. By increasingH ,
the force becomes attractive and it gets a minimum and
then it grows. For DA slab the system has a mechanical
equilibrium state with the equilibrium distanceHDA,equil.
When both layers of the slab are amplifying (AA) the
equilibrium point is shifted to the larger distances and
HAA,equil > HDA,equil. The inset represents the normal-
ized force, FCCmn/|FC |, as a function of H . Again when
approximately H2 > (a+ b)/8, the force scales as H
−4.
6FIG. 3. (a) The force per unit area,
FCCm
S
, as a function of the distance between the bounding conductors, H = H1 +H2 + b,
with H1 = H2, in the presence of a single dielectric slab between the bounding conductors, for two values of the dissipative
(black solid and black dashed curves) and amplifying (red dashed-dotted and red dashed-dotted-dotted curves) slab thicknesses
b = 100 and 125nm. The inset shows the log-log plot of −
FCCm
S
as a function of H . (b) The force per unit area,
FCCmn
S
, as a
function of the distance between the bounding conductors, H = H1+H2+a+b, with H1 = H2, in the presence of a double layer
dielectric slab between the bounding conductors, for two values of the dissipative and amplifying dielectric layers thicknesses
a = b = 40 and 50nm. The inset presents the normalized force FCCmn/|FC | as a function of H . Here, m,n = D and A indicate
the dissipative and amplifying dielectrics, respectively.
FIG. 4. (Color online) (a) Schematic picture of a dielectric
slab in between two bounding plates, one is flat ideal conduc-
tor (ǫ → ∞) while the other is a flat ideal permeable plate
(µ → ∞). The distance between the ideal conductor from
the left side of the slab is H1, while the distance between the
permeable plate from the right side of the slab is H2 and the
slab thickness is b. (b) Schematic picture of a double-layer
dielectric slab in between an ideal conductor and an ideal
permeable plate. The left dielectric layer thickness is b, while
the right dielectric layer thickness is a. The regions labeled
by 1 and 2 are filled by the quantum vacuum.
B. Conductor-Permeable
To observe how much the characteristics of the bound-
ing plates can affect the Casimir interaction, we consider
a system composed of a single dielectric slab, or a double-
layer dielectric slab in between a flat ideal conductor in
the left side and a flat ideal permeable plate in the right
side of the system, depicted in Fig.4a and b, respectively.
As in 1974 Boyer showed [36], a flat conductor and a flat
permeable plate immersed in the quantum vacuum and
face each other at a distance H in the absence of di-
electric slab, experience a repulsive force FB = −
7
8FC
[12, 37, 38]. Here, our aim is to investigate the effect of
the dissipative and amplifying slabs on the Boyer repul-
sive force, FB. Using either path-integral technique [13–
15, 29] or transfer matrix formalism [33–35] the Casimir
interaction energy per unit area for a system composed
of a single dielectric slab in between an ideal conductor
and an ideal permeable plate (see Fig. 4a) reads as
ECPm
S
= ~c
∫
d3~q
(2π)3
ln
[
1 +
ITMm
J TMm
]
+ [(TM)→ (TE)],(21)
and for a system composed of a double-layer dielectric
slab in between an ideal conductor and an ideal perme-
able plate (see Fig. 4b) as
ECPmn
S
= ~c
∫
d3~q
(2π)3
ln
[
1 +
ITMmn
J TMmn
]
+ [(TM)→ (TE)],(22)
where again the indices m,n = D and A stand for a dissi-
pative and an amplifying slab, respectively, I
TM(TE)
m and
J
TM(TE)
m are functions of H1, H2, b, ε1, ε2, εm, µ1, µ2,
µm, ~q and c, and I
TM(TE)
mn and J
TM(TE)
mn are functions of
the above parameters in addition to a and µn. The ex-
plicit forms of I
TM(TE)
m , J
TM(TE)
m , I
TM(TE)
mn and J
TM(TE)
mn
are presented in AppendixD.
To compare the effects of a dissipative or an amplifying
slab between two ideal flat plates, one conductive and the
other permeable, on the Casimir interaction, the force
per unit area that the permeable plate on the right side
experiences can be calculated at the fixed H1 and at fixed
b as
FCPm
S
= −
∂ECPm
∂H2
∣∣∣∣
H1,b
. (23)
Similar procedure can be performed to calculate the
Casimir force on the right side permeable plate in the
presence of the double-layer dielectric slab in between,
7FIG. 5. (a) The force per unit area,
FCPm
S
, as a function of the distance between the bounding conductor and the permeable
plate, H = H1 +H2 + b, with H1 = H2, in the presence of a single dielectric slab between the bounding ideal plates, for two
values of the dissipative (black solid and black dashed curves) and amplifying (red dashed-dotted and red dashed-dotted-dotted
curves) slab thicknesses b = 100 and 125nm. The inset shows the log-log plot of
FCPm
S
as a function of H . (b) The force per
unit area,
FCPmn
S
, as a function of the distance between the bounding ideal plates, H = H1 +H2 + a+ b, with H1 = H2, in the
presence of a double layer dielectric slab between the bounding ideal plates, for two values of the dissipative and amplifying
slab thicknesses a = b = 40 and 50nm. The inset presents the normalized force, FCPmn/FB , where FB = −
7
8
FC , as a function of
H . Here, m,n = D and A indicate the dissipative and amplifying dielectrics, respectively.
for the fixed values of H1, b and a, as
FCPmn
S
= −
∂ECPmn
∂H2
∣∣∣∣
H1,a,b
. (24)
In Fig. 5a, the force per unit area,
FCPm
S , has been plot-
ted as a function of the distance between the bounding
conductor and the permeable plate, H = H1 + H2 + b,
with H1 = H2, in the presence of a single dielectric
slab, for two values of the dissipative (black solid and
black dashed curves) and amplifying (red dashed-dotted
and red dashed-dotted-dotted curves) slabs thicknesses
b = 100, and 125nm. The inset shows the log-log plot of
FCPm
S as a function ofH . The overall behavior of the forces
due to the presence of the dissipative slab and due to the
presence of the amplifying slab are similar to each other.
At very small distances the bounding plates attract each
other. By increasing the distance, the force increases and
it gets its zero value at the distance HD(A),equil, where
HD,equil < HA,equil.
To show the effect of the asymmetry in the sys-
tem due to the presence of conducting and permeable
plates, on the Casimir force in the presence of the
double-layer dielectric slab, the slab is located at the
middle of the cavity by setting H1 = H2, and we
choose b = a. The Casimir force is then calculated for
the geometries i) conductor-vacuum-dissipative dielec-
tric layer-amplifying dielectric layer-vacuum-permeable
plate (DA), ii) conductor-vacuum-amplifying dielectric
layer-dissipative dielectric layer-vacuum-permeable plate
(AD). Quite interestingly, the force is different for the
geometries i and ii. To present this interesting phe-
nomenon, in Fig. 5b, the force per unit area,
FCPmn
S , has
been plotted as a function of the distance between the
bounding plates, H = H1 +H2 + a+ b, for DA and AD
geometries, for two values of the dissipative and ampli-
fying slabs thicknesses a = b = 40 and 50nm. The force
is purely repulsive for AD geometry, while for DA, the
cross over from attractive to repulsive force occurs when
H increases. By increasing the thickness of the double-
layer slab for DA geometry, the location of the equilib-
rium point is shifted to the larger distances. It should be
mentioned that in both Figs. 5a and b, the equilibrium
states for the position of the right ideal plate are unsta-
ble. The inset presents the normalized force, FCPmn/FB,
as a function of H .
IV. CORRUGATED BOUNDARIES:
CONDUCTOR-CONDUCTOR
A. Normal Interaction Between a Flat and a
Corrugated Conductors
To investigate the effect of corrugation on the nor-
mal Casimir interaction between two conductors in the
presence of a dissipative or an amplifying slab, we set
the deformation fields on the conductors h1(x) = 0 and
h2(x) = a cos[2πx1/λ] (see Fig. 1). Then the Casimir
energy due to the corrugation on one of the conductors,
labeled by 2, is obtained as
ECF =
~c
AL
∑
γ
[
lnZγ,2(H)− lnZγ,2(H →∞)
]
|h1(x)=0,
(25)
8FIG. 6. (a) The normalized Casimir energy, ECF/E
PFA
CF , as a function of H = H1 + H2 + b with H1 = H2 and λ = 1µm in
the presence of a dissipative (D, black curves) or an amplifying (A, red curves) dielectric slab for various values of the slab
thicknesses b = 0, 100, 150 and 200nm. The black solid curve shows the normalized energy in the absence of dielectric slab. (b)
The normalized Casimir energy, ECF
ECF(H/2)
, as a function of H1 + b/2 which is the distance between the left conductor and the
middle of the absorptive (black curves) and amplifying slabs (red curves), for fixed values of λ = H = 1µm and different values
of b the same as those of panel (a). Here, ECF(H/2) is the value of ECF when the center of the slab is located at the distance
H/2 from each conductors. i.e. H1 = H2.
where index CF stands for corrugated-flat, and sum is
over γ = TM and TE. This energy can then be cast into
ECF = −
π2a2~c
240H5
[
K+regTM (
H
λ
) +K+regTE (
H
λ
)
]
, (26)
where according to Eq. (25), the regular part of the TM
and TE kernels is defined as K+regTM(TE) = K
+
TM(TE) −
Lim
H1→∞
K+TM(TE). In Eq. (26), K
+
TM(TE)(q) is the Fourier
transformation of K+TM(TE)(x) at ~q = (0,
2pi
λ , 0). The ex-
plicit forms of K+TM(
H
λ ) and K
+
TE(
H
λ ) are presented in
Appendices A and B. In Fig. 6a the normalized contri-
bution of the corrugation to the Casimir energy, ECF
EPFACF
,
has been plotted as a function of H = H1 +H2 + b with
H1 = H2 and λ = 1µm in the presence of a dissipative
(D, black curves) or an amplifying (A, red curves) dielec-
tric slab with thicknesses b = 0, 100, 150 and 200nm. The
black solid curve shows the normalized energy in the ab-
sence of dielectric slab. Quite interestingly, the presence
of an amplifying slab enhances the Casimir interaction
due to the roughness while the interaction is weakened
by the presence of the absorptive slab. This effect is more
pronounced by increasing the slab thickness. The dielec-
tric functions of the amplifying and dissipative slabs are
the same as of Eqs. (15) and (16), respectively.
The superscript PFA in EPFACF stands for proximity
force approximation. PFA is used when a, which is the
corrugation amplitude, is much smaller than the other
length scales in the system such as H and λ. In the
proximity force approximation, the surface elements of
a curved surface around each point are simply replaced
by surface elements parallel to the plane of (x1, x2) at
the same point [39, 40]. The Casimir energy in a system
composed of a corrugated and a flat conductors in PFA
is EPFACF = −
a2
4
∂FC
∂H
.
To study the effect of the location of the dielectric slab
on the Casimir interaction between the bounding plates,
in Fig. 6b, the normalized Casimir energy, ECFECF(H/2) , has
been shown as a function of H1 + b/2 which is the dis-
tance between the left conductor and the middle of the
dissipative slab (black curves) or the middle of the ampli-
fying slab (red curves), for fixed values of λ = H = 1µm
and different values of b which are the same as those of
panel (a). Here, ECF(H/2) is the value of ECF when the
center of the slab is located at the distance H/2 from
each conductors. As it can be seen, when the amplifying
slab is closer to the rough conductor in the right side,
this effect is more pronounced.
B. Lateral Force Between Two Corrugated
Conductors
Two corrugated conductors, immersed in the quantum
vacuum, can experience the lateral Casimir force due to
the translational symmetry breaking [10, 11, 16] in ad-
dition to the normal Casimir force. In this section, we
compare the effect of the presence of the absorptive or
amplifying dielectric slabs on the lateral Casimir force
between the bounding corrugated conductors depicted
in Fig. 1. The lateral Casimir force is calculated by
Fl = −
∂E
∂l , where E is the Casimir energy in Eq. (14).
By setting the corrugation fields on the rough conduc-
tors depicted in Fig. 1 as h1(x) = a cos[2πx1/λ] and
h2(x) = a cos[2π(x1 + l)/λ], the lateral Casimir force is
then obtained as
Fl =
2π~ca2
λH5
sin(
2πl
λ
)[K−TM(
H
λ
) +K−TE(
H
λ
)], (27)
9FIG. 7. (a) The normalized amplitude of the lateral Casimir force, |Fl|/|F
PFA
l |, between rough metallic plates (depicted in
Fig. 1) as a function of the mean distance between corrugated conductors, H = H1 +H2 + b, for fixed corrugation wavelength
λ = 1µm, and various values of dissipative slab thicknesses b = 0, 50, 100 and 150 nm (black curves, from top to bottom) and
amplifying slab thicknesses (red curves, from bottom to top) the same as of the dissipative one. Here, the center of the slab
is fixed at the middle distance between bounding ideal conductors. (b) The normalized amplitude of the lateral Casimir force,
|Fl|/|Fl(H/2)|, as a function of H1 + b/2 which is the distance between the left conductor and the middle of the dissipative
(black curves) or amplifying slab (red curves), for fixed values of λ = H = 1 µm and different values of the dielectric slab
thicknesses b = 0, 20, 50 and 100nm. Here, |Fl(H/2)| is the amplitude of the lateral force when the center of the slab is located
at the distance H/2 from each conductors.
where K−TM(q) and K
−
TE(q) are the Fourier transforma-
tions of K−TM(x) and K
−
TE(x) at ~q = (0,
2pi
λ , 0), respec-
tively, and their explicit forms can be seen in Appen-
dicesA and B.
In Fig. 7(a), we have plotted the normalized ampli-
tude of the lateral Casimir force, |Fl|/|FPFAl |, between
two rough metallic plates depicted in Fig. 1 as a function
of H (the mean separation distance between corrugated
conductors) for fixed corrugation wavelength, λ = 1 µm
and various values of the absorptive (black curves) am-
plifying (red curves) slabs thicknesses b = 0, 50, 100 and
150 nm. Here, the center of the slab is fixed at the mid-
dle distance between plates. |FPFAl | is the magnitude of
the lateral Casimir force for the same geometry in PFA
[39, 40], which is |FPFAl | =
pia2
λ
∂FC
∂H . Comparing the value
of the normalized lateral Casimir force in the presence of
the dissipative and amplifying slabs yields that at small
distances, the lateral Casimir force in the presence of an
amplifying slab is stronger than that of absorptive dielec-
tric slab with the same thickness, whereas by increasing
the distance, in both cases, the values of the normalized
force approach to the values of the force in the absence of
the dielectric slab. Moreover, by increasing the thickness
of an amplifying slab, the lateral Casimir force increases
whereas for the absorptive one decreases.
We have also considered the effect of the location of the
center of the dissipative or amplifying slabs, H1 + b/2,
on the lateral Casimir force. To this end, in Fig. 7b,
the normalized amplitude of the lateral Casimir force,
|Fl|/|Fl(H/2)|, has been shown as a function of H1+ b/2
which is the mean distance between the left conductor
and the middle of the dissipative (black curves) or ampli-
fying (red curves) slab, for fixed values of λ = H = 1µm
and different values of b = 0, 20, 50 and 100nm. |Fl(H/2)|
is the amplitude of the lateral force when the center of
the slab is fixed at the middle of the cavity. The dielectric
functions of the amplifying and absorptive slabs are cho-
sen the same as in Eqs. (15) and (16), respectively. The
sinusoidal behavior of the force does not alter by changing
H1, while its amplitude alters. Moreover, if the amplify-
ing slab comes closer to each conductor, the amplitude of
the lateral Casimir force increases. In contrast to the am-
plifying slab, the amplitude of the lateral Casimir force
decreases when the dissipative dielectrics comes closer to
one of the bounding conductors. By increasing the thick-
ness of the slab, this effect is more pronounced.
V. CONCLUSION
Using either path-integral formalism or transfer ma-
trix method, we investigated the normal Casimir inter-
action between flat ideal plates in the presence of a dis-
sipative or an amplifying slab, or a double-layer dielec-
tric slab. The normal force between flat ideal conductors
is non-monotonic due to the presence of the amplifying
slab and the system has a stable equilibrium state, while
the force is attractive and is weakened by intervening
the absorptive dielectric slab in the cavity. By replac-
ing the right flat conductor by an ideal permeable plate,
the overall behaviors of the Casimir force in the pres-
ence of the absorptive slab and in the presence of the
amplifying slab are the same, and for both cases, the
force is non-monotonic and the system has an unstable
equilibrium state. Quite interestingly, the Casimir force
is non-monotonic in the presence of a double-layer di-
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electric slab in the DA geometry while it is purely re-
pulsive for the AD geometry. Then employing the path-
integral technique, we calculated the correction to the
normal Casimir interaction due to the corrugation on one
of the bounding conductors, and also the lateral Casimir
force has been obtained due to the roughness on both
bounding conductors in the presence of the absorptive
or amplifying slab. While the presence of the amplify-
ing slab enhances both normal and lateral Casimir in-
teractions between the bounding conductors due to the
roughness, the presence of the absorptive slab weakens
both normal and lateral interactions compared to those
of a cavity contains only vacuum between the bounding
conductors. We also showed that both normal and lat-
eral Casimir interactions depend on the distance of the
slab from the bounding conductors. By approaching the
amplifying slab to one of the conductors, both normal
and lateral Casimir interactions enhance compared to the
Casimir interactions in a cavity which contains only vac-
uum between the bounding conductors. If instead, the
dissipative dielectric slab is brought closer to one of the
bounding conductors both normal and lateral Casimir in-
teractions are weakened. The reason for the difference in
the behavior of the Casimir interactions can be under-
stood if one looks at the characteristics of the vacuum
fluctuations of the EM field near the slab. The dissipa-
tive medium decreases the vacuum fluctuations of the EM
field whereas the amplifying medium increases these fluc-
tuations [24, 41]. The method that we employed in this
paper can be used to study the dynamic Casimir effect
[11, 43] and the Casimir interaction at finite temperature
[35, 44] in the presence of absorptive or amplifying slabs.
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Appendix A: Fourier transformation of K
+(−)
TM
(x)
The Fourier transformations of the kernels for TM
waves at (0, 2piλ , 0) are
K+TM(0,
2π
λ
, 0) =
∫
d3~q
(2π)3
[
+ F1(~q,H1, H1)Q
2
1GTM
(
~q +
2π
λ
iˆ,H2 +
b
2
, H2 +
b
2
)
+ F1(~q,H1, H1)F5(~q +
2π
λ
iˆ,H2, H2)
+F3(~q,H1, H1)F3(~q +
2π
λ
iˆ,H2, H2)
]
,
K−TM(0,
2π
λ
, 0) =
∫
d3~q
(2π)3
[
+ F2(~q,H1, H1)Q
2
1GTM(~q +
2π
λ
iˆ,H2 +
b
2
, H2 +
b
2
) + F4(~q,H1, H1)F6(~q +
2π
λ
iˆ,H2, H2)
+F2(~q,H1, H1)F2(~q +
2π
λ
iˆ,H2, H2)
]
, (A1)
where
F1(~q,Hi, Hi) =
GTM
(
~q, (−1)i(Hi +
b
2 ), (−1)
i(Hi +
b
2 )
)
N(~q,H1, H2)
,
F2(~q,Hi, Hi) =
GTM
(
~q, (−1)i(Hi +
b
2 ), (−1)
i(Hi +
b
2 )
)
N(~q,H1, H2)
Q1GTM
(
~q,−H1 −
b
2
, H2 +
b
2
)
,
F3(~q,H1, H2) =
GTM(~q,−H1 −
b
2 , H2 +
b
2
)
N(~q,H1, H2)
Q1GTM
(
~q,−H1 −
b
2
, H2 +
b
2
)
,
F4(~q,H1, H2) =
GTM
(
~q,−H1 −
b
2 , H2 +
b
2
)
N(~q,H1, H2)
,
F5(~q,Hi, Hi) =
GTM
(
~q, (−1)i(Hi +
b
2 , (−1)
i(Hi +
b
2 )
)
N(~q,H1, H2)
Q21GTM
(
~q,−H1 −
b
2
, H2 +
b
2
)
,
F6(~q,H1, H2) =
GTM
(
~q,−H1 −
b
2 , H2 +
b
2
)
N(~q,H1, H2)
Q21GTM
(
~q,−H1 −
b
2
, H2 +
b
2
)
, (A2)
and
N(~q,H1, H2) = GTM
(
~q,−H1 −
b
2
,−H1 −
b
2
)
GTM
(
~q,H2 +
b
2
, H2 +
b
2
)
−G2TM
(
~q,−H1 −
b
2
, H2 +
b
2
)
. (A3)
Appendix B: Fourier transformation of K
−(+)
TE
(x)
The Fourier transformations of the kernels for TE
waves at (0, 2piλ , 0) are
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K+TE(0,
2π
λ
, 0) =
∫
d3~q
(2π)3
{
F1(~q,H1, H1) Q
2
1 g
(
~q +
2π
λ
iˆ,H2, H2
)
+ F1(~q,H1, H1)F5(~q +
2π
λ
iˆ,H2, H2)
+F3(~q,H1, H2)F3(~q +
2π
λ
iˆ,H1, H2) +
(2π
λ
)2[
F1(~q,H1, H1)
(
q1 +
2π
λ
)2
GTE
(
~q +
2π
λ
iˆ,H2 +
b
2
, H2 +
b
2
)
+F1(~q,H1, H1)
(
q1 +
2π
λ
)2
F7(~q +
2π
λ
iˆ,H2, H2) + q1
(
q1 +
2π
λ
)
F9(~q,H1, H2)F9(~q +
2π
λ
iˆ,H1, H2)
]
+
2π
λ
[
F1(~q,H1, H1)
(
q1 +
2π
λ
)
g
(
~q +
2π
λ
iˆ,H2, H2
)
+ F1(~q,H1, H1)
(
q1 +
2π
λ
)
F11(~q +
2π
λ
iˆ,H2, H2)
+F2(~q,H1, H1)
(
q1 +
2π
λ
)
F10(~q +
2π
λ
iˆ,H2, H2)
]}
,
K−TE(0,
2π
λ
, 0) =
∫
d3~q
(2π)3
{
F4(~q,H1, H2) Q
2
1 g
(
~q +
2π
λ
iˆ,H2, H2
)
+ F4(~q,H1, H2)F6(~q +
2π
λ
iˆ,H1, H2)
+F2(~q,H1, H1)F2(~q +
2π
λ
iˆ,H2, H2) +
(2π
λ
)2[
F4(~q,H1, H2)
(
q1 +
2π
λ
)2
GTE(~q +
2π
λ
iˆ,H2 +
b
2
, H2 +
b
2
)
+F4(~q,H1, H2)
(
q1 +
2π
λ
)2
F8(~q +
2π
λ
iˆ,H1, H2) + q1
(
q1 +
2π
λ
)
F10(~q,H1, H1)F10(~q +
2π
λ
iˆ,H1, H2)
]
+2
2π
λ
[
F4(~q,H1, H2)
(
q1 +
2π
λ
)
g
(
~q +
2π
λ
iˆ,H1, H2
)
+ F4(~q,H1, H2)
(
q1 +
2π
λ
)
F12(~q +
2π
λ
iˆ,H1, H2)
+F2(~q,H1, H1)
(
q1 +
2π
λ
)
F10(~q +
2π
λ
iˆ,H2, H2)
]}
, (B1)
where
F1(~q,Hi, Hi) =
g(~q,Hi, Hi)
N (~q,H1, H2)
,
F2(~q,Hi, Hi) =
g(~q,Hi, Hi)
N (~q,H1, H2)
Q1g(~q,H1, H2),
F3(~q,H1, H2) =
g(~q,H1, H2)
N (~q,H1, H2)
Q1g(~q,H1, H2),
F4(~q,H1, H2) =
g(~q,H1, H2)
N (~q,H1, H2)
,
F5(~q,Hi, Hi) =
g(~q,Hi, Hi)
N (~q,H1, H2)
Q21g(~q,H1, H2),
F6(~q,H1, H2) =
g(~q,H1, H2)
N (~q,H1, H2)
Q21g(~q,H1, H2),
F7(~q,Hi, Hi) =
g(~q,Hi, Hi)
N (~q,H1, H2)
Q21
×GTE(~q,−H1 −
b
2
, H2 +
b
2
),
F8(~q,H1, H2) =
g(~q,H1, H2)
N (~q,H1, H2)
Q21
×GTE(~q,−H1 −
b
2
, H2 +
b
2
), (B2)
F9(~q,H1, H2) =
g(~q,H1, H2)
N (~q,H1, H2)
Q1
×GTE(~q,−H1 −
b
2
, H2 +
b
2
),
F10(~q,Hi, Hi) =
g(~q,Hi, Hi)
N (~q,H1, H2)
Q1
×GTE(~q,−H1 −
b
2
, H2 +
b
2
),
F11(~q,Hi, Hi) =
g(~q,Hi, Hi)
N (~q,H1, H2)
Q1
×GTE(~q,−H1 −
b
2
, H2 +
b
2
)Q1g(~q,H1, H2),
F12(~q,H1, H2) =
g(~q,H1, H2)
N (~q,H1, H2)
Q1
×GTE(~q,−H1 −
b
2
, H2 +
b
2
)Q1g(~q,H1, H2),(B3)
and
g(~q,Hi, Hj) = Q
2
1GTE
(
~q, (−1)i(Hi+
b
2
), (−1)j(Hj+
b
2
)
)
,
(B4)
N (~q,H1, H2) = g(~q,H1, H1)g(~q,H2, H2)− g
2(~q,H1, H2).
(B5)
Appendix C: Conductor-Conductor
The definitions of BTMm , B
TE
m , D
TM
m and D
TE
m are
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BTMm = −∆
TM
m1 e
−2Q1H1 +∆TM2m e
−2Q2H2 −∆TMm1 ∆
TM
2m e
−2(Q1H1+Q2H2) −∆TM2m e
−2(Q1H1+Qmb) +∆TMm1 e
−2(Q2H2+Qmb)
−e−2(Q1H1+Q2H2+Qmb),
DTM(TE)m = 1 +∆
TM(TE)
m1 ∆
TM(TE)
2m e
−2Qmb,
BTEm = +∆
TE
m1e
−2Q1H1 −∆TM2m e
−2Q2H2 −∆TEm1∆
TE
2me
−2(Q1H1+Q2H2) +∆TE2me
−2(Q1H1+Qmb) −∆TEm1e
−2(Q2H2+Qmb)
−e−2(Q1H1+Q2H2+Qmb), (C1)
where
∆TMij =
εi(ıq0)Qj(ıq0)− εj(ıq0)Qi(ıq0)
εi(ıq0)Qj(ıq0) + εj(ıq0)Qi(ıq0)
, ∆TEij =
µi(ıq0)Qj(ıq0)− µj(ıq0)Qi(ıq0)
µi(ıq0)Qj(ıq0) + µj(ıq0)Qi(ıq0)
, (C2)
with the layer labeled by j is located at the left-hand side of the layer labeled by i. Q2i = q
2 +
εi(ıq0)µi(ıq0)q
2
0
c2 ,
q
2 = q21 + q
2
2 and c is the speed of light in the vacuum. Functions B
TM
mn , B
TE
mn, D
TM
mn and D
TE
mn are
BTMmn = +∆
TM
2n e
−2Q2H2 +∆TMnme
−2(Qna+Q2H2) −∆TMm1 e
−2Q1H1 −∆TM2n ∆
TM
m1 e
−2(Q1H1+Q2H2)
−∆TM2n ∆
TM
nm∆
TM
m1 e
−2(Qna+Q1H1) −∆TMnm∆
TM
m1 e
−2(Q1H1+Q2H2+Qna) −∆TMnm e
−2(Qmb+Q1H1)
+∆TM2n ∆
TM
nm∆
TM
m1 e
−2(Qmb+Q2H2) −∆TM2n ∆
TM
nm e
−2(Q1H1+Q2H2+Qmb) −∆TM2n e
−2(Qna+Qmb+Q1H1)
+∆TMm1 e
−2(Qna+Qmb+Q2H2) − e−2(Q1H1+Q2H2+Qna+Qmb),
DTM(TE)mn = 1 +∆
TM(TE)
2n ∆
TM(TE)
nm e
−2Qna +∆
TM(TE)
m1 ∆
TM(TE)
nm e
−2Qmb +∆
TM(TE)
2n ∆
TM(TE)
m1 e
−2(Qna+Qmb),
BTEmn = −∆
TE
2n e
−2Q2H2 −∆TEnme
−2(Qna+Q2H2) +∆TEm1e
−2Q1H1 −∆TE2n ∆
TE
m1e
−2(Q1H1+Q2H2)
+∆TE2n ∆
TE
nm∆
TE
m1e
−2(Qna+Q1H1) −∆TEnm∆
TE
m1e
−2(Q1H1+Q2H2+Qna) +∆TEnme
−2(Qmb+Q1H1)
−∆TE2n ∆
TE
nm∆
TE
m1e
−2(Qmb+Q2H2) −∆TE2n ∆
TE
nme
−2(Q1H1+Q2H2+Qmb) +∆TE2n e
−2(Qna+Qmb+Q1H1)
−∆TEm1e
−2(Qna+Qmb+Q2H2) − e−2(Q1H1+Q2H2+Qna+Qmb). (C3)
Appendix D: Conductor-Permeable
Functions ITMm , I
TE
m , J
TM
m , J
TE
m , I
TM
mn , I
TE
mn, J
TM
mn and J
TE
mn are
ITMm = −∆
TM
m1 e
−2Q1H1 −∆TM2m e
−2Q2H2 +∆TMm1 ∆
TM
2m e
−2(Q1H1+Q2H2) −∆TM2m e
−2(Q1H1+Qmb) −∆TMm1 e
−2(Q2H2+Qmb)
+e−2(Q1H1+Q2H2+Qmb),
J TM(TE)m = 1 +∆
TM(TE)
m1 ∆
TM(TE)
2m e
−2Qmb,
ITEm = +∆
TE
m1e
−2Q1H1 +∆TM2m e
−2Q2H2 +∆TEm1∆
TE
2me
−2(Q1H1+Q2H2) +∆TE2me
−2(Q1H1+Qmb) +∆TEm1e
−2(Q2H2+Qmb)
+e−2(Q1H1+Q2H2+Qmb),
ITMmn = −∆
TM
2n e
−2Q2H2 −∆TMnm e
−2(Qna+Q2H2) −∆TMm1 e
−2Q1H1 +∆TM2n ∆
TM
m1 e
−2(Q1H1+Q2H2)
−∆TM2n ∆
TM
nm∆
TM
m1 e
−2(Qna+Q1H1) +∆TMnm∆
TM
m1 e
−2(Q1H1+Q2H2+Qna) −∆TMnme
−2(Qmb+Q1H1)
−∆TM2n ∆
TM
nm∆
TM
m1 e
−2(Qmb+Q2H2) +∆TM2n ∆
TM
nm e
−2(Q1H1+Q2H2+Qmb) −∆TM2n e
−2(Qna+Qmb+Q1H1)
−∆TMm1 e
−2(Qna+Qmb+Q2H2) + e−2(Q1H1+Q2H2+Qna+Qmb),
J TM(TE)mn = 1 +∆
TM(TE)
2n ∆
TM(TE)
nm e
−2Qna +∆
TM(TE)
m1 ∆
TM(TE)
nm e
−2Qmb +∆
TM(TE)
2n ∆
TM(TE)
m1 e
−2(Qna+Qmb),
ITEmn = +∆
TE
2n e
−2Q2H2 +∆TEnme
−2(Qna+Q2H2) +∆TEm1e
−2Q1H1 +∆TE2n ∆
TE
m1e
−2(Q1H1+Q2H2)
+∆TE2n ∆
TE
nm∆
TE
m1e
−2(Qna+Q1H1) +∆TEnm∆
TE
m1e
−2(Q1H1+Q2H2+Qna) +∆TEnme
−2(Qmb+Q1H1)
+∆TE2n ∆
TE
nm∆
TE
m1e
−2(Qmb+Q2H2) +∆TE2n ∆
TE
nme
−2(Q1H1+Q2H2+Qmb) +∆TE2n e
−2(Qna+Qmb+Q1H1)
+∆TEm1e
−2(Qna+Qmb+Q2H2) + e−2(Q1H1+Q2H2+Qna+Qmb). (D1)
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